Introduction
All graphs under discussion are finite, undirected and simple. Let G = (V, E) be a simple graph with n vertices and m edges. The degree of the vertex v i ( 
As usual δ and Δ denotes the minimum and the maximum vertex degree of G. The second maximum vertex degree is denoted by Δ 2 .
In 1987, the inverse degree was first appeared through conjectures of the computer program Graffiti [7] . The inverse degree of a graph G with no isolated vertices are defined as ID(G) = ∑ v∈V (G) 1 d (v) . For the recent results of the inverse degree, refer [2, 11] . In 1972, Gutman and Trinajstić [8] explored the study of total π-electron energy on the molecular structure and introduced two vertex degree-based graph variants. These variants are defined as M 1 (G) = ∑ v∈V (G) d(v) 2 
and M 2 (G) = ∑ uv∈E(G) d(u)d(v).
One of the most important and common mathematical property of these invariants are studied so far are the bounds of the graphs. For the recent improvements of these bounds see [4, 10] and the references are cited therein. These bounds as usual depends on their structural variables (n, m, Δ, δ and similar).
Both in chemical and mathematical literature numerous upper bounds are obtained for the Zagreb indices, but only very few lower bounds are discovered. This motivates the authors to propose some new lower bounds for the Zagreb indices involving the new parameter inverse degree ID(G) with n, m, Δ, Δ 2 and δ . In addition we compare and analyze our results with the existing lower bounds in the literature so far and finally we conclude that our results are stronger and are the improvements of the existing results.
preliminaries
A bidegreed graph is a graph whose vertices have exactly two degrees Δ and δ . Let Γ be the class of graphs such that d(v i ) = δ , i = 2, 3,... ,n. Γ is the special case of the Bidegreed graphs. Let Ω and Θ be the class of graphs, such that d (v 
Next we recall the lower bounds for the first Zagreb index available in the literature (see [5, 9, 12, 6] ).
Lemma 1. Let G be a graph with n vertices and m edges. Then
M 1 (G) ≥ 4m 2 n (1)
equality is attained if and only if G is regular.
In 2003, Das [3] obtained the following lower bound which is finer than Lemma 1.
Lemma 2.
Let G be a graph with n vertices and m edges. Then
with equality if and only if G is regular or G ∈ Γ or G ∈ Θ.
In 2015, Das, Xu and Nam [4] also proposed a new improvement for Lemma 1.
Lemma 3.
Let G be a graph of order n(≥ 3), m edges with maximum degree Δ, second maximum degree Δ 2 and minimum degree δ . Then
with equality if and only if G is a regular or G ∈ Γ.
Correction of equality case
Very recently, Milovanović andŽ. Milovanović [10] have proposed a new lower bound for the first Zagreb index and in addition, it was proved that Lemma 4 is better than Lemma 1.
Lemma 4.
Let G be a graph of order n(≥ 2) and m edges. Then
with equality if and only if G is isomorphic with k-regular graph, 1 ≤ k ≤ n − 1.
Remark: At first, the conclusion which relates to the equality case of (4) is wrong, we will complete the equality case in Lemma 4. The equality of (4) holds for the graphs other than k− regular graphs (See Graphs G 1 and G 2 of Figure 1 ).
Let G be a graph with vertex degrees d(
from the inequality (4), we have
this completes that the equality of (4) holds for the above case. Conversely, it is easy to see that, if the equality holds in (4), then G has the vertex degrees d(
Similarly, the equality of (4) holds for the graphs with even order, whose vertex degrees
In the same intuition one can conjecture that the equality of (4) holds for all graphs with
, it is not true in general (Refer Graph G 3 of Figure 1 ).
Finally we conclude, the equality of (4) also holds if and
Thus, it is easy to see that the bound in (2) is always better better than (4) and so we left the proof to the interested reader.
Lower Bounds on First Zagreb index
Now, our aim is to improve the existing bounds and as well as to give some new lower bounds for the first Zagreb index in terms of n, m, Δ, Δ 2 and δ . At first we improve the classical lower bound proposed in Lemma 1.
Theorem 1. Let G be a simple graph of order n(≥ 3).
Then
equality holds if and only if G is regular or G
Proof. 
If we set r = n − 2, a i = d (v i+2 ) and b i = 1, for all i = 1, 2, ··· , r, in the above, and using
we get the required inequality.
So it is easy to see that if G ∈ Γ or regular then equality holds.
Conversely, if the equality of (5) holds, then
. Using the equality condition of (1), we conclude that 
Corollary 1. With the assumptions in Theorem 1, one has the inequality
that is,
leads to the contradiction and which fulfill our claim. Next, by Root Mean Square -Geometric Mean inequality, the following inequality is always true,
that is
which completes our claim.
The lower bounds in (2) and (5) are incomparable. Namely, there exist molecular graph 1, 1-diethylcyclobutane for which (2) is better than (5), and for 1, 2-diethylcyclobutane (5) is better than (2). It is interesting to see that for 1, 1-dimethylcyclopropane (2) and (5) coincides together, other than equality case.
Theorem 2. Let G be a simple graph of order n(≥ 3) with no isolated vertices. Then
M 2 1 (G) ≥ Δ 2 + Δ 2 2 + (2m − Δ − Δ 2 ) 2 n − 2 + (2m − Δ − Δ 2 ) ID(G) − 1 Δ − 1 Δ 2 n − 2 − (n − 2) ,(9)
and equality holds if and only if G is regular or G ∈ Γ or G ∈ Ω.
Proof. Consider w 1 , w 2 ,... ,w r be the non-negative weights, then we have the weighted version of the Cauchy-Schwartz inequality
Since w i is non-negative, we assume that w i = x i − y i with x i ≥ y i ≥ 0. So, we get
If we set r = n − 2, a i = d (v i+2 ) and b i = 1, i = 1, 2,... ,r, and since G has no isolated vertices, then we have
in the above, we get
The equality case follows the similar argument of Theorem 1, which completes our claim.
Corollary 2. With the assumptions in Theorem 2, one has the inequality
and equality holds if and only if G is regular or G ∈ Γ or G ∈ Θ.
Remark 2. Utilizing the inequality (11), we get
this concludes that for any graph G with n(≥ 3), our lower bound (9) is always better than the lower bound (5) . In analogy, also we conclude that the lower bound in (12) is stronger than (2).
It is interesting to see that, the lower bounds in (3) and (9) are incomparable. For the graph G 1 , the lower bound in (9) is better than (3) and for G 4 , the lower bound in (3) is better than (9), depicted in Figure 1. 
Theorem 3. Let G be a simple graph of order n(≥ 3) with no isolated vertices. Then
M 2 1 (G) ≥ Δ 2 + Δ 2 2 + Ψ * 1(13)
equality holds if and only if G is regular or G ∈ Γ or G ∈ Ω,
where
Proof. Using (10), one can get
the rest of the proof follows from the same terminology of the Theorem 2.
Corollary 3. With the assumptions in Theorem 2, one has the inequality
and equality holds if and only if G is regular or G ∈ Γ or G ∈ Θ,
Remark 3. Our bound given by (13) is always better than (3). In order to prove this, we have to show that
By direct observation we have, 2Δ 2 δ > δ 2 ,
using the above results, we complete our claim.
Computational Results
In this section, we compare five lower bounds for the first Zagreb index. For computational purpose, we used GraphTea [1] , a software tool focusing on extracting information and visualization on graphical problems. It offers powerful ways to query or directly interact with properties of a particular instance of a graphical problem. It is specially designed for analyze properties of topological indices.
In Table 1 , we present the computational results for connected graphs on n = 3 to n = 9 vertices and trees on n = 10 to n = 20 vertices. The first three columns contain n, the number of connected graphs (trees) on n vertices and the average value of the first Zagreb index M 1 (G). The next five groups of three columns represent the average value of the lower bound, the standard deviation
and the number of graphs for which the equality holds.
On comparing these values along with the Remark 3, we conclude that our bounds (13) and (14) has the smallest deviation from the first Zagreb index and are stronger than the existing results so far in the literature. 
